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a b s t r a c t
Let e and n be positive integers and S = {x1, . . . , xn} a set of n distinct positive integers.
For x ∈ S, define GS(x) := {d ∈ S|d < x, d|x and (d|y|x, y ∈ S) ⇒ y ∈ {d, x}}. The n × n
matrix whose (i, j)-entry is the eth power (xi, xj)e of the greatest common divisor of xi and
xj is called the eth power GCD matrix on S, denoted by (Se). Similarly we can define the
eth power LCM matrix [Se]. Bourque and Ligh showed that (S) | [S] holds in the ring of
n× nmatrices over the integers if S is factor closed. Hong showed that for any gcd-closed
set S with |S| ≤ 3, (S) | [S]. Meanwhile Hong proved that there is a gcd-closed set S with
maxx∈S{|GS(x)|} = 2 such that (S) - [S]. In this paper, we introduce a newmethod to study
systematically the divisibility for the case maxx∈S{|GS(x)|} ≤ 2. We give a new proof of
Hong’s conjecture and obtain necessary and sufficient conditions on the gcd-closed set S
with maxx∈S{|GS(x)|} = 2 such that (Se)|[Se]. This partially solves an open question raised
by Hong. Furthermore, we show that such factorization holds if S is a gcd-closed set such
that each element is a prime power or the product of two distinct primes, and in particular
if S is a gcd-closed set with every element less than 12.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let f be an arithmetical function and let S = {x1, . . . , xn} be a set of n distinct positive integers. We denote by (f (xi, xj))
(or abbreviated by (f (S))) the n × n matrix on S having f evaluated at the greatest common divisor (xi, xj) of the entries
xi and xj, and we use (f [xi, xj]) to denote the n × n matrix on the set S having f evaluated at the least common multiple
[xi, xj] of the entries xi and xj. Smith proved in 1876 in his famous paper [40] that det[f (i, j)] = ∏nk=1(f ∗ µ)(k), where µ
is Möbius function and f ∗ µ is the Dirichlet convolution of f and µ; see [11,39] for description and details. This result was
generalized by Apostol [2] in 1972 and in 1988, McCarthy [38] extended the results of Smith and Apostol to the class of even
functions ofm (mod r), wherem and r are positive integers. A complex-valued function β(m, r) is called an even function of
m (mod r) if β(m, r) = β((m, r), r) for all values of m, and we notice that the functions considered by Smith and Apostol
are in fact even functions of m (mod r). The results of Smith, Apostol, and McCarthy were consequently further extended
by Bourque and Ligh [5] in 1993. In 2002, Hong generalized the results of Smith, Apostol, McCarthy, Bourque and Ligh to
certain classes of arithmetical functions. Another kind of extension of Smith’s theorem were given by Codecá and Nair [10]
and Hilberdink [16]. On the other hand, Altinisik, Sagan and Tuglu [1], Hong and Sun [32] and Korkee and Haukkanen [35]
considered certain abstract generalizations of Smith’s determinant.
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Given any real number e ≥ 0, let ξe be the arithmetical function defined for any positive integer x by ξe(x) = xe. We
call (ξe(xi, xj)) (abbreviated by ((xi, xj)e), or abbreviated by (Se)) and (ξe[xi, xj]) (abbreviated by ([xi, xj]e), or abbreviated
by [Se]) the n × n power greatest common divisor (GCD) matrix on S and the n × n power least common multiple (LCM)
matrix on S respectively. If e = 1, then we simply call them the greatest common divisor (GCD) matrix and least common
multiple (LCM) matrix, respectively. A set S is said to be factor closed (FC) if it contains all divisors of x for any x ∈ S. The
set S is called gcd closed if (xi, xj) ∈ S for all 1 ≤ i, j ≤ n. Obviously, any FC set is gcd closed but not conversely. In
1993, Bourque and Ligh [6] generalized the Beslin-Ligh result [3] and also Smith’s result by showing that if S is gcd closed,
then
det(Se) =
n∏
k=1
αe,k, where αe,k =
∑
d|xk
d6|xt ,xt<xk
(ξe ∗ µ)(d). (1.1)
In 2002, Hong [17] proved that the following formula holds:
det[Se] =
n∏
k=1
x2ek · βe,k, where βe,k =
∑
d|xk
d6|xt ,xt<xk
(
1
ξe
∗ µ
)
(d). (1.2)
On the other hand, Cao [9], Hong [18–22], Hong–Shum–Sun [31] and Li [36] obtained some interesting results on the
nonsingularity of the power LCM matrix (ξe[xi, xj]). Hong [21], Hong–Shum–Sun [31] and Hong–Wang [33] investigated
primitive singular numbers. It was first noticed by Bourque and Ligh in [5] that the power GCDmatrix (ξe(xi, xj)) on any set
S is positive definite, and then Hong and Loewy [29,30] and Hong [23] made some progress on the asymptotic behavior of
the eigenvalues of the power GCDmatrix (ξe(xi, xj)) on any set S. The eigenvalues of another kind of power GCDmatrix were
investigated byWintner [41] as well as Lindqvist and Seip [37]. Very recently, Hong and Lee [28] studied systematically the
asymptotic behavior of eigenvalues of the reciprocal power LCM matrix ( 1
ξe[xi,xj] ) on any set S and got several interesting
results.
Divisibility is another central topic in the field of GCD and LCMmatrices. Let e ≥ 1 be an integer. Bourque and Ligh in [7],
and consequently in [8], showed that if S = {x1, . . . , xn} is FC, then the power GCDmatrix ((xi, xj)e) on S always divides the
power LCM matrix ([xi, xj]e) on S in the ringMn(Z) of n× nmatrices over the integers. That is, there is anM ∈ Mn(Z) such
that [Se] = (Se)M or [Se] = M(Se), equivalently, (Se)−1[Se] ∈ Mn(Z), or [Se](Se)−1 ∈ Mn(Z). Hong [24] showed that for any
gcd-closed set S with |S| ≤ 3, the LCM matrix [S] is divisible by the GCD matrix (S) in the ring Mn(Z). But for any integer
n ≥ 4, there is a gcd-closed set S with |S| = n such that the GCD matrix (S) does not divide the LCM matrix [S] in the ring
Mn(Z). Haukkanen and Korkee [12] and Zhao et al [43] extended the results of Bourque, Ligh and Hong to power GCD and
power LCM matrices. Hong [25] proved that such factorization is true when S is either a divisor chain or multiple closed
(namely we have y ∈ S if x|y| lcm(S) for all x ∈ S, where lcm(S) means the least common multiple of all the elements of S).
In [26], Hong initially studied the divisibility among power GCD matrices and among power LCM matrices while recently,
Bhowmik and Hong [4] obtained some factorization theorems in this direction. In 2002, at the end of [24], Hong raised the
following open question.
Problem 1.1 ([24]). Let n ≥ 4. Find necessary and sufficient conditions on the gcd-closed set S with |S| = n such that the
LCMmatrix [S] is divisible by the GCD matrix (S) in the ringMn(Z).
Zhao [42] and Zhao–Zhao [44] give respectively characterizations of the gcd-closed set S such that (Se)|[Se]when |S| = 4
and 5. Hence Problem 1.1 has been answered when n = 4 and 5. However, it is difficult to answer Problem 1.1 when n is
larger. For x, y ∈ S and x < y, if x|y and the conditions x|z|y and z ∈ S imply that z ∈ {x, y}, thenwe say that x is a greatest-type
divisor of y in S. For x ∈ S, byGS(x)wedenote the set of all greatest-type divisors of x in S. The concept of greatest-type divisor
plays a central role in Hong’s solution [18] to the Bourque-Ligh conjecture [7], in Hong’s solution [21] to Sun’s conjecture,
in Cao’s partial answer [9] to Hong’s conjecture [17] and in Li’s partial answer [36] to Hong’s conjecture [20]. Note also that
Haukkanen et al [13] found a gcd-closed set S with |S| = 9 such that the LCM matrix [S] is singular. It was proved in [24]
that there is a gcd-closed set S with maxx∈S{|GS(x)|} = 2 such that [S](S)−1 6∈ Mn(Z). But it is not clear whether there is a
gcd-closed set S with maxx∈S{|GS(x)|} = 1 such that [S](S)−1 6∈ Mn(Z). Hong believed the answer to it should be negative.
Actually, Hong [22] proposed the following conjecture.
Conjecture 1.2 ([22]). If S is a gcd-closed set withmaxx∈S{|GS(x)|} = 1, then the LCM matrix [S] is divisible by the GCD matrix
(S) in the ring Mn(Z).
Recently, Hong, Zhao andYin [34] obtained a formula for the product [Se](Se)−1 if S is gcd closed andmaxx∈S{|GS(x)|} = 1.
This confirms Conjecture 1.2. Thus Problem 1.1 has been answered when maxx∈S{|GS(x)|} = 1.
In the present paper, we introduce a new method to investigate Problem 1.1. Particularly we concentrate on the case
maxx∈S{|GS(x)|} ≤ 2. The paper is organized as follows. First we give in Section 3 a simple proof of Conjecture 1.2.
Consequently we deal with the case maxx∈S{|GS(x)|} = 2. We say that an element x ∈ S with |GS(x)| = 2 satisfies the
condition C if [y1, y2] = x and (y1, y2) ∈ GS(y1)∩GS(y2), where GS(x) = {y1, y2}. We say that the set S satisfies the condition
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C if each element x ∈ S with |GS(x)| = 2 satisfies the condition C. In section 4, we show that if S = {x1, . . . , xn} is a gcd-
closed set satisfying maxx∈S{|GS(x)|} = 2, then (Se) | [Se] holds in the ring Mn(Z) if and only if S satisfies the condition C.
So we answer Problem 1.1 for the case maxx∈S{|GS(x)|} = 2. Finally, as an application of our main result (see Theorem 4.7),
we establish two interesting factorization theorems if S is a gcd-closed set such that each element is a prime power or the
product of two distinct primes, and in particular if S is a gcd-closed set such that every element is less than 12.
Throughout this paper, e ≥ 1 denotes an arbitrary given integer. It is easy to check that for any permutation σ on the set
{1, . . . , n}, (Se)|[Se] holds in the ring Mn(Z) if and only if (Seσ )|[Seσ ] holds in the ring Mn(Z), where Sσ := {xσ(1), . . . , xσ(n)}.
Without loss of any generalization (WLOG), we always assume that S = {x1, . . . , xn} satisfies x1 < x2 < · · · < xn.
2. Preliminary results
First, we need a result which gives the inverse of a GCD matrix on a gcd-closed set.
Lemma 2.1. Let S be a gcd-closed set. Then the inverse of the GCD matrix (Se) on S is the matrix W = (wij), where
wij =
∑
xi |xk
xj |xk
cikcjk
αe,k
, with cij =
∑
dxi |xj
dxi -xt ,xt<xj
µ(d)
and αe,k is defined as in (1.1).
Proof. Lemma 2.1 follows immediately from [6]. 
Lemma 2.2. Let S be a gcd-closed set such that maxx∈S |GS(x)| ≤ 2 and let αe,m be defined as in (1.1). Then for any 2 ≤ m ≤ n,
we have
αe,m =
{
xem − xem1 , if GS(xm) = {xm1},
xem − xem1 − xem2 + xem3 , if GS(xm) = {xm1 , xm2} with xm3 = (xm1 , xm2)
and
βe,m =

1
xem
− 1
xem1
, if GS(xm) = {xm1},
1
xem
− 1
xem1
− 1
xem2
+ 1
xem3
, if GS(xm) = {xm1 , xm2} with xm3 = (xm1 , xm2).
Proof. The results follow immediately from Theorem1.2 of [20] applied to f = ξe and 1ξe , respectively. Note that the formula
for βe,m also follows directly from Lemma 2.6 of [19]. 
Lemma 2.3. Let S be a gcd-closed set of n ≥ 2 distinct positive integers. If m = 1, then
crm = cr1 =
{
1 if r = 1,
0 otherwise.
If 2 ≤ m ≤ n and GS(xm) = {xm1}, then
crm =
{−1 if r = m1,
1 if r = m,
0 otherwise.
If GS(xm) = {xm1 , xm2} and xm3 = (xm1 , xm2), then we have
crm =
{−1 if r = m1 or m2,
1 if r = m or m3,
0 otherwise.
Proof. Evidently the result is true whenm = 1.
Now let 2 ≤ m ≤ n. Clearly we have crm = 0 if xr 6 |xm. In what follows we let xr |xm. First let GS(xm) = {xm1}. If r = m,
then
cmm = µ(1) = 1.
If r = m1, then
cm1m =
∑
dxm1 |xm
dxm1 -xt ,xt<xm
µ(d) =
∑
dxm1 |xm
d6=1
µ(d) = −1.
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If r 6= m,m1, then
crm =
∑
dxr |xm
dxr -xt ,xt<xm
µ(d) =
∑
d| xmxr
µ(d)−
∑
d| xm1xr
µ(d) = 0.
Second let GS(xm) = {xm1 , xm2}. If r = m, then we have
cmm = µ(1) = 1.
If r = m1, then
cm1m =
∑
dxm1 |xm
dxm1 -xt , xt<xm
µ(d) =
∑
dxm1 |xm
d6=1
µ(d) = −1.
If r = m2, then
cm2m =
∑
dxm2 |xm
dxm2 -xt , xt<xm
µ(d) =
∑
dxm2 |xm
d6=1
µ(d) = −1.
If r = m3, then we have
cm3m =
∑
dxm3 |xm
dxm3 -xt , xt<xm
µ(d) =
∑
d| xmxm3
µ(d)−
∑
d| xm1xm3
µ(d)−
∑
d| xm2xm3
µ(d)+
∑
d| (xm1 ,xm2 )xm3
µ(d) = 1.
If r 6= m,m1,m2,m3, noting that xr |xm, we then consider the following three cases:
Case 1. xr |xm3 . Then 1 < xm3xr ∈ Z since xr 6= xm3 . Therefore
crm =
∑
dxr |xm
dxr -xt ,xt<xm
µ(d)
=
∑
d| xmxr
µ(d)−
∑
d| xm1xr
µ(d)−
∑
d| xm2xr
µ(d)+
∑
d| xm3xr
µ(d)
= 0.
as desired.
Case 2. xr |xm1 and xr 6 |xm2 . Since r 6= m1, we have 1 < xm1xr ∈ Z. Then
crm =
∑
dxr |xm
dxr -xm1
µ(d) =
∑
d| xmxr
µ(d)−
∑
d| xm1xr
µ(d) = 0
as required.
Case 3. xr |xm2 and xr 6 |xm1 . In the same way as in Case 2, we have
crm =
∑
dxr |xm
dxr -xm2
µ(d) =
∑
d| xmxr
µ(d)−
∑
d| xm2xr
µ(d) = 0
which concludes the proof of Lemma 2.3. 
3. A proof of Conjecture 1.2
In this section, we give a simple proof of Conjecture 1.2. First we develop some properties about the gcd-closed sets.
Lemma 3.1. Let S be gcd closed and x, z ∈ S. If GS(x) = {y}, then each of the following is true:
(i)We have (x, z) = (y, z) if x - z.
(ii) The integer xe − ye divides [x, z]e − [y, z]e.
Proof. Part (ii) is trivial when x | z. Now let x - z. Then x 6= (x, z) and (x, z) ∈ S since S is gcd closed. Since y is the unique
greatest-type divisor of x in S and (x, z) | x, we have (x, z) | y. It then follows that (x, z) | (y, z). On the other hand, from y|x
we deduce that (y, z) | (x, z). Hence (x, z) = (y, z). Part (i) is proved. Now we have
[x, z]e − [y, z]e = x
eze
(x, z)e
− y
eze
(y, z)e
= z
e
(x, z)e
· (xe − ye).
This concludes part (ii). The proof of Lemma 3.1 is complete. 
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Lemma 3.2. Let S be a gcd-closed set satisfying maxx∈S{|GS(x)|} = 1. Then all the elements of the n-th column and the n-th row
of [Se](Se)−1 are integers.
Proof. We divide the proof into the following two cases:
Case 1. 1 ≤ i ≤ n, j = n. Then
([Se](Se)−1)in = n∑
m=1
[xi, xm]e
∑
xm |xk
xn |xk
cmkcnk
αe,k
=
n∑
m=1
[xi, xm]ecmn
αe,n
. (3.1)
If GS(xn) = {xn1}, then([Se](Se)−1)in = [xi, xn]e − [xi, xn1 ]exen − xen1 ∈ Z
by Lemmas 2.2, 2.3 and 3.1.
Case 2. i = n, 1 ≤ j ≤ n− 1. Then
([Se](Se)−1)nj = n∑
m=1
[xn, xm]e
∑
xm |xk
xj |xk
cmkcjk
αe,k
=
∑
xj|xk
cjk
αe,k
∑
xm|xk
cmk[xm, xn]e. (3.2)
Clearly we need only to prove the following:
1
αe,k
∑
xm|xk
cmk[xm, xn]e ∈ Z. (3.3)
If k = 1, then we must have m = j = 1. But b1 = 1. So (3.3) is true when k = 1. Now let k > 1. Then |GS(xk)| = 1. Let
GS(xk) = {xk1}. Then by Lemmas 2.2, 2.3 and 3.1 we have
1
αe,k
∑
xm|xk
cmk[xm, xn]e = [xk, xn]
e − [xk1 , xn]e
xek − xek1
∈ Z
as required.
This completes the proof of Lemma 3.2. 
Lemma 3.3. Let S be a gcd-closed set satisfying maxx∈S{|GS(x)|} = 1 and let S1 := S \ {xn} = {x1, . . . , xn−1}. Then
[Se](Se)−1 ∈ Mn(Z)⇔ [Se1](Se1)−1 ∈ Mn−1(Z).
Proof. By Lemma 3.2 it is sufficient to show that for all 1 ≤ i, j ≤ n− 1,([Se](Se)−1)ij = ([Se1](Se1)−1)ij + an integer.
In the following we let 1 ≤ i, j ≤ n− 1. Define
eij =
{
1 if xj|xi,
0 if xj - xi.
Then we have([Se](Se)−1)ij = n∑
m=1
[xi, xm]e
∑
xm |xk
xj |xk
cmkcjk
αe,k
=
n−1∑
m=1
[xi, xm]e
∑
xm |xk
xj |xk,xk 6=xn
cmkcjk
αe,k
+ enj
(
[xi, xn]e cnncjn
αe,n
+
n−1∑
m=1
[xi, xm]e cmncjn
αe,n
enm
)
= ([Se1](Se1)−1)ij + enjAij,
where
Aij = [xi, xn]e cnncjn
αe,n
+
n−1∑
m=1
[xi, xm]e cmncjn
αe,n
enm.
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In what follows we prove that Aij ∈ Z. If GS(xn) = {xn1}, then
Aij = [xi, xn]
e − [xi, xn1 ]e
xen − xen1
· cjn ∈ Z
by Lemmas 2.3 and 3.1. Lemma 3.3 is proved. 
We are now in a position to give a new proof to Conjecture 1.2.
Theorem 3.4. Let S be a gcd-closed set withmaxx∈S{|GS(x)|} = 1. Then the power LCMmatrix [Se] on S is divisible by the power
GCD matrix (Se) on S in the ring Mn(Z).
Proof. We use induction on the cardinality n = |S| to prove the statement.
If n ≤ 3, by [24] we know that the statement is true. Now let n ≥ 4.
Assume that the statement is true for the n − 1 case. In what follows we show that the statement is true for the n case.
Since S is a gcd-closed set with maxx∈S{|GS(x)|} = 1 and x1 < · · · < xn−1 < xn, S1 = {x1, . . . , xn−1} is also a gcd-closed set
satisfying maxx∈S1{|GS1(x)|} = 1. By the inductive hypothesis we know that [Se1](Se1)−1 ∈ Mn−1(Z). Then [Se](Se)−1 ∈ Mn(Z)
by Lemma 3.3. This shows that the result is true for the n case and so the proof of Theorem 3.4 is complete. 
4. The case maxx∈S{|GS(x)|} = 2
In this section, we answer Problem 1.1 for the case maxx∈S{|GS(x)|} = 2. First we show several properties of gcd-closed
sets. Throughout this section, we let S be a gcd-closed set satisfying maxx∈S{|GS(x)|} = 2.
Lemma 4.1. Let x ∈ S satisfy |GS(x)| = 2 and y ∈ GS(x). Let z ∈ S be such that z 6= x, z | x and z - y. If the set
A := {u ∈ S : z|u|x, u 6= z} satisfies the condition C, then the following are true:
(i) A is a divisor chain.
(ii) For each u ∈ A, we have |GS(u)| = 2.
(iii) [y, z] = x.
Proof. Let |A| = t . Then t ≥ 1 since x ∈ A. We use induction on t to prove Lemma 4.1. If t = 1, then A = {x} which
concludes parts (i) and (ii). We have also that z is a greatest-type divisor of x in S. Since x satisfies the condition C, part (iii)
follows immediately. Lemma 4.1 is proved for the case t = 1.
Assume that Lemma 4.1 holds for the case |A| = t ≥ 1. Now we consider the case |A| = t + 1. Let A = {z1, . . . , zt+1},
where z1 < · · · < zt < zt+1 = x. We claim zt ∈ GS(x) and |GS(zt)| = 2. Suppose that there is a u ∈ S such that zt |u|x. Then
z|u|x and so u ∈ A. But there is no element between zt and zt+1 in A. Hence either u = zt or u = zt+1 = x, which implies
that zt ∈ GS(x). Thus GS(x) = {zt , y}. Let dt := (zt , y). Since x satisfies the condition C, we have dt ∈ GS(zt). Assume that
|GS(zt)| = 1. Then GS(zt) = {dt}. But z|zt . So we have z|dt |y. This contradicts to the fact z - y. Thus |GS(zt)| ≥ 2. Note that
|GS(zt)| ≤ 2. Hence |GS(zt)| = 2. Let A′ := {u ∈ S : z|u|zt , u 6= z}. Clearly A′ = A \ {x} and so |A′| = t . By the induction
hypothesis, A′ is a divisor chain and for any u ∈ A′, |GS(u)| = 2. It then follows immediately that A is a divisor chain and
for any u ∈ A, |GS(u)| = 2. Parts (i) and (ii) are proved for the case |A| = t + 1. For part (iii), we have zt = [z, dt ] by the
induction hypothesis. The fact that x satisfies the condition C implies that x = [zt , y] = [[z, dt ], y] = [z, y]. Part (iii) is
proved for the case |A| = t + 1. The proof of Lemma 4.1 is complete. 
Remark. (1). Let z = z0 and di := (zi, di+1) for 0 ≤ i ≤ t − 1. Since A satisfies the condition C, di ∈ GS(zi) ∩ GS(di+1). Then
di = (zi, di+l) = (zi, y) for all 1 ≤ l ≤ t − i. Actually, we have di = (zi, di+1) = (zi, (zi+1, di+2)) = (zi, di+2) = · · · = (zi, y).
Also x = [y, zj] for all 0 ≤ j ≤ t since A satisfying the condition C implies that x = [y, zt ] = [y, [zt−1, dt ]] = [y, zt−1] =
· · · = [y, zj]. To understand better these relations, see the following commutative diagram, where for any integers a and b,
denote a|b by a→ b.
d0

/ d1

/ · · · / dt−1

/ dt

/ y

z = z0 / z1 / · · · / zt−1 / zt / x.
(2). If A \ {z1} satisfies the condition C and z1 = [d1, z], then the statements of Lemma 4.1 are still true. Actually, parts (i)
and (ii) are evidently true. By Remark (1) we have x = [y, z2] = [y, [z1, d2]] = [y, z1]. So x = [y, [d1, z]] = [y, z] and part
(iii) is proved.
Lemma 4.2. For x ∈ S with |GS(x)| = 2, let GS(x) = {y1, y2} and y3 = (y1, y2). Let z ∈ S. If the set B := {u ∈ S : (x, z) | u | x}
satisfies the condition C, then xe + ye3 − ye1 − ye2 divides [x, z]e + [y3, z]e − [y1, z]e − [y2, z]e.
Proof. Let d = (x, z). If x | z, the statement is trivial. If x - z, then d < x and d ∈ S since S is gcd closed. Since d|x and
GS(x) = {y1, y2}, we have either d | y1 or d | y2. We need only to consider the following three cases:
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Case 1. d | y1 and d | y2. Then d | y3 and so d | (y3, z). Obviously (y3, z) | (y1, z) | (x, z) = d and (y3, z) | (y2, z) | (x, z) = d.
This implies that (x, z) = (y1, z) = (y2, z) = (y3, z) = d. Then we have
[x, z]e + [y3, z]e − [y1, z]e − [y2, z]e = ze
(
xe
(x, z)e
+ y
e
3
(y3, z)e
− y
e
1
(y1, z)e
− y
e
2
(y2, z)e
)
= z
e
(x, z)e
(xe + ye3 − ye1 − ye2)
which concludes the desired result for this case.
Case 2. d | y1 and d - y2. Since B satisfies the condition C, picking z = d and y = y2 in Lemma 4.1 gives us [d, y2] = x.
Similarly we have [d, y3] = y1. Therefore
[z, x] = [z, [d, y2]] = [z, y2] (4.1)
and
[z, y1] = [z, [d, y3]] = [z, y3]. (4.2)
By (4.1) and (4.2), we have [x, z]e + [y3, z]e − [y1, z]e − [y2, z]e = 0. Then Lemma 4.2 is proved for this case.
Case 3. d - y1 and d | y2. This is completely similar to Case 2 and so we omit the details of the proof. The proof of Lemma 4.2
is complete. 
The statements and the proofs of the following two lemmas are similar to those of Lemmas 3.2 and 3.3. For the
convenience of the reader, we here give the sketch of the proofs.
Lemma 4.3. Let S satisfy the condition C. Then all the elements of the n-th column and the n-th row of [Se](Se)−1 are integers.
Proof. We divide the proof into the following two cases:
Case 1. 1 ≤ i ≤ n, j = n. We have
([Se](Se)−1)in = n∑
m=1
[xi, xm]ecmn
αe,n
. (4.3)
If GS(xn) = {xn1}, then by the proof of Lemma 3.2 we have ([Se](Se)−1)in ∈ Z.
If GS(xn) = {xn1 , xn2}, then let xn3 = (xn1 , xn2). Since S satisfies the condition C, then by (4.3) and Lemmas 2.3 and 4.2 we
have ([Se](Se)−1)in = n∑
m=1
[xi, xm]ecmn
αe,n
= [xi, xn]
e − [xi, xn1 ]e − [xi, xn2 ]e + [xi, xn3 ]e
xen − xen1 − xen2 + xen3
∈ Z
as desired.
Case 2. i = n, 1 ≤ j ≤ n− 1. Then([Se](Se)−1)nj =∑
xj|xk
cjk
αe,k
∑
xm|xk
cmk[xm, xn]e. (4.4)
Clearly we need only to prove that
1
αe,k
∑
xm|xk
cmk[xm, xn]e ∈ Z. (4.5)
If k = 1 or |GS(xk)| = 1, then by the proof of Lemma 3.2 we know that (4.5) holds. So we need only to treat the remaining
case |GS(xk)| = 2. Let now GS(xk) = {xk1 , xk2} and xk3 = (xk1 , xk2). Then by Lemmas 2.3 and 4.2 we have
1
αe,k
∑
xm|xk
cmk[xm, xn]e = [xk, xn]
e − [xk1 , xn]e − [xk2 , xn]e + [xk3 , xn]e
xek − xek1 − xek2 + xek3
∈ Z
as desired. This completes the proof of Lemma 4.3. 
Lemma 4.4. Let S1 := S \ {xn} = {x1, . . . , xn−1}. If the set S satisfy condition C, then we have
[Se](Se)−1 ∈ Mn(Z)⇔ [Se1](Se1)−1 ∈ Mn−1(Z).
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Proof. By Lemma 4.3 it suffices to show that for all 1 ≤ i, j ≤ n− 1, we have([Se](Se)−1)ij = ([Se1](Se1)−1)ij + an integer.
In what follows, let 1 ≤ i, j ≤ n − 1 and eij be defined as in the proof of Lemma 3.3. By the proof of Lemma 3.3, it is
enough to show that
Aij = [xi, xn]e cnncjn
αe,n
+
n−1∑
m=1
[xi, xm]e cmncjn
αe,n
enm ∈ Z
which will be done in the following.
Evidently it remains to deal with the case |GS(xn)| = 2. Let GS(xn) = {xn1 , xn2} and xn3 = (xn1 , xn2). By Lemmas 2.2, 2.3
and 4.2, we have
Aij = cjn
αe,n
([xi, xn]e + [xi, xn3 ]e − [xi, xn1 ]e − [xi, xn2 ]e)
= cjn · [xi, xn]
e + [xi, xn3 ]e − [xi, xn1 ]e − [xi, xn2 ]e
xen + xen3 − xen1 − xen2
∈ Z
as required. The proof of Lemma 4.4 is complete. 
Lemma 4.5. Let x, y, z ∈ Z be such that z|y, [x, y] = w and (x, y) = u. Then [x,z][u,z] = xu = wy .
Proof. Since z|y and (x, y) = u, we have (u, z) = ((x, y), z) = (x, (y, z)) = (x, z). It follows from the factw = xyu that
[x, z]
[u, z] =
xz
(x, z)
(u, z)
uz
= x
u
= w
y
as desired. So Lemma 4.5 is proved. 
In what follows, for an integer x and a finite set A of integers, by x|Awe mean that x|y for all y ∈ A.
Lemma 4.6. Let 1 ≤ i, r ≤ n be given integers. Define a set Dr by Dr := {x ∈ S : xr |x, x > xr}. If xi|GS(xk) for all xk ∈ Dr , then
we have
fr(i) :=
∑
xk∈Dr
crk
αe,k
∑
xm|xk
cmk[xi, xm]e ∈ Z. (4.6)
Proof. First notice that S is a gcd-closed set with maxx∈S{|GS(x)|} = 2. Let D′r = {y ∈ Dr : |GS(y)| = 1} and
D′′r = {y ∈ Dr : |GS(y)| = 2}. Clearly D′r ∪ D′′r = Dr . Then we may let GS(xk) = {xk0} if xk ∈ D′r or GS(xk) = {xk1 , xk2}
if xk ∈ D′′r . Let xk3 = (xk1 , xk2). Since xi|GS(xk), it follows that xi|xk and xi|xk3 if xk ∈ D′′r . Therefore by Lemmas 2.2 and 2.3 we
get
fr(i) =
∑
xk∈D′r
crk
αe,k
∑
xm|xk
cmk[xi, xm]e +
∑
xk∈D′′r
crk
αe,k
∑
xm|xk
cmk[xi, xm]e
=
∑
xk∈D′r
crk · [xk, xi]
e − [xk0 , xi]e
xek − xek0
+
∑
xk∈D′′r
crk · [xk, xi]
e − [xk1 , xi]e − [xk2 , xi]e + [xk3 , xi]e
xek − xek1 − xek2 + xek3
=
∑
xk∈D′r
crk ·
xek − xek0
xek − xek0
+
∑
xek∈D′′r
crk ·
xek − xek1 − xek2 + xek3
xek − xek1 − xek2 + xek3
=
∑
xk∈D′r
crk +
∑
xk∈D′′r
crk ∈ Z
as required. This completes the proof of Lemma 4.6. 
We are now in a position to give the main result of this paper.
Theorem 4.7. Let S be a gcd-closed set withmaxx∈S{|GS(x)|} = 2. Then the power LCMmatrix [Se] on S is divisible by the power
GCD matrix (Se) on S in the ring Mn(Z) if and only if S satisfies the condition C.
Proof. First, we show the ‘‘if’’ part. Suppose that S satisfies the condition C. We use induction on the cardinality n = |S| to
prove that [Se](Se)−1 ∈ Mn(Z).
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If n ≤ 3, by [24,43] we know that the statement is true.
Now let n ≥ 4. Assume that the statement is true for the n − 1 case. In what follows we show that the statement is
true for the n case. As in the proof of Theorem 3.4, we can rearrange the elements of S so that xn is a maximal element.
Then S1 = {x1, . . . , xn−1} is also a gcd-closed set satisfying the condition C and maxx∈S1{|GS1(x)|} ≤ 2 and |S1| = n − 1. If
maxx∈S1{|GS1(x)|} = 1, then by Theorem 3.4 we have [Se1](Se1)−1 ∈ Mn−1(Z). If maxx∈S1{|GS1(x)|} = 2, then by the inductive
hypothesis we know that [Se1](Se1)−1 ∈ Mn−1(Z). Thus [Se](Se)−1 ∈ Mn(Z) by Lemma 4.4. This completes the proof of the ‘‘if’’
part.
Consequently, we show the ‘‘only if’’ part. Evidently it is sufficient to show that if S does not satisfy the condition C, then
[Se](Se)−1 6∈ Mn(Z). Assume that S does not satisfy the condition C. In what follows we show that [Se](Se)−1 6∈ Mn(Z).
Let xt ∈ S be the greatest element which does not satisfy the condition C. Then |GS(xt)| = 2. Write GS(xt) = {xt1 , xt2}
and xt3 := (xt1 , xt2). For 1 ≤ a ≤ n, define a set Ea := {xa} ∪Da, where Da is defined as in Lemma 4.6. Consider the following
two cases:
Case 1. [xt1 , xt2 ] 6= xt . Then [xt1 , xt2 ] < xt . Since xt1 - xt2 , we have [xt1 , xt2 ] - xt2 . Hence the set {y ∈ Et : ∃ x ∈
GS(y) such that [xt1 , xt2 ] - x} is nonempty. Let xr be the greatest element of this set. Then [xt1 , xt2 ]|GS(y) for all y ∈ Dr and[xt1 , xt2 ]|xt |xr . Claim that |GS(xr)| = 2. Otherwise, |GS(xr)| = 1. Then xt < xr which implies xt |GS(xr). Clearly [xt1 , xt2 ]|xt .
Hence [xt1 , xt2 ]|GS(xr). This contradicts with the choice of xr . The claim is proved. We may let GS(xr) = {xr1 , xr2} and
xr3 = (xr1 , xr2). Consider the following two subcases:
Subcase 1-1. xr = xt . In the following we show that ([Se](Se)−1)t1t 6∈ Z. We have([Se](Se)−1)t1t = n∑
m=1
[xt1 , xm]e
∑
xm |xk
xt |xk
cmkctk
αe,k
=
∑
xt |xk
ctk
αe,k
∑
xm|xk
cmk[xt1 , xm]e
= ctt
αe,t
∑
xm|xt
cmt [xt1 , xm]e +
∑
xt |xk
xt<xk
ctk
αe,k
∑
xm|xk
cmk[xt1 , xm]e
= gt(t1)+ ft(t1),
where gt(t1) =∑xm|xt cmt [xt1 ,xm]eαe,t and ft(t1) is defined as in Lemma 4.6. Since xt1 |[xt1 , xt2 ]|GS(y) for all y ∈ Dt , letting i = t1
and r = t in Lemma 4.6 gives us ft(t1) ∈ Z. It suffices to show that 0 < gt(t1) < 1. By Lemmas 2.2 and 2.3 we have
gt(t1) =
xet − xet1 − [xt1 , xt2 ]e + xet1
xet − xet1 − xet2 + xet3
= x
e
t − [xt1 , xt2 ]e
xet − xet1 − xet2 + xet3
.
Since xt1 - xt2 and xt2 - xt1 , [xt1 , xt2 ]e ≥ 2max{xet1 , xet2}. Then we derive that
(xet − xet1 − xet2 + xet3)− (xet − [xt1 , xt2 ]e) = [xt1 , xt2 ]e + xet3 − xet1 − xet2
≥ xet3 + 2max{xet1 , xet2} − xet1 − xet2 > xet3 > 0.
Note that xet − [xt1 , xt2 ]e > 0. Thus 0 < gt(t1) < 1 which means ([Se](Se)−1)t1t 6∈ Z. This completes the proof of the
statement for Subcase 1-1.
Subcase 1–2. xr 6= xt . Then xr > xt . It then follows from [xt1 , xt2 ]|xt |xr and GS(xr) = {xr1 , xr2} that [xt1 , xt2 ]|xt |xr1 or[xt1 , xt2 ]|xt |xr2 . But the choice of xr tells us that at least one of xr1 and xr2 is not divisible by [xt1 , xt2 ]. Hence exactly one
of xr1 and xr2 is divisible by [xt1 , xt2 ] and the other one is not divisible by [xt1 , xt2 ]. We may assume that [xt1 , xt2 ]|xr1 and[xt1 , xt2 ] - xr2 . It then follows that xt - xr2 and xt |xr1 . Since xt ∈ S is the greatest element which does not satisfy the condition
C,Dt satisfies the conditionC. Thus by Remark (1) after Lemma 4.1we get the following commutative diagramwhich shows
the divisibility relations of these elements.
xt3

/ xt2

/ · · · / xr3

/ xr2

xt1 / xt / · · · / xr1 / xr .
Claim that xr1 > [xt1 , xr3 ]. If xr1 = xt , the claim is trivial. Now let xr1 > xt . Suppose that xr1 = [xt1 , xr3 ]. Since xt |xr1 and
xt - xr3 , by Lemma 4.1 we have xr1 = [xt , xr3 ]. Thus [xt1 , xr3 ] = [xt , xr3 ]. It implies that xt(xt ,xr3 ) =
xt1
(xt1 ,xr3 )
. Applying Remark
(1) after Lemma 4.1 gives that (xt , xr3) = xt2 . Since (xt1 , xr3)|(xt , xr3), we have (xt1 , xr3) = (xt1 , (xt , xr3)) = (xt1 , xt2). Hence
xt = xt1(xt , xr3)
(xt1 , xr3)
= xt1xt2
(xt1 , xt2)
= [xt1 , xt2 ]
which is impossible since xt 6= [xt1 , xt2 ]. The claim is proved.
2636 W. Feng et al. / Discrete Mathematics 309 (2009) 2627–2639
In the following we show that ([Se](Se)−1)t1r 6∈ Z. As in Subcase 1-1, we have([Se](Se)−1)t1r = crrαe,r ∑xm|xr cmr [xt1 , xm]e +
∑
xr |xk
xr<xk
crk
αe,k
∑
xm|xk
cmk[xt1 , xm]e
= gr(t1)+ fr(t1),
where gr(t1) = ∑xm|xr cmr [xt1 ,xm]eαe,r . Since xt1 |[xt1 , xt2 ]|GS(y) for all y ∈ Dr , we have fr(t1) ∈ Z by Lemma 4.6. It remains to
show that 0 < gr(t1) < 1. Note that xr satisfies the condition C. Then we have [xr1 , xr2 ] = xr , i.e. xr1 · xr2xr3 = xr . Since xt1 |xr1 ,
letting x = xr2 , y = xr1 , z = xt1 , w = xr and u = xr3 in Lemma 4.5 we obtain [xt1 ,xr2 ][xt1 ,xr3 ] =
xr2
xr3
. It follows immediately that
gr(t1) = [xt1 , xr ]
e − [xt1 , xr1 ]e − [xt1 , xr2 ]e + [xt1 , xr3 ]e
xer − xer1 − xer2 + xer3
= x
e
r − xer1 − [xt1 , xr2 ]e + [xt1 , xr3 ]e
xer − xer1 − xer2 + xer3
=
(xer1 − [xt1 , xr3 ]e)
( [xt1 ,xr2 ]e
[xt1 ,xr3 ]e − 1
)
(xer1 − xer3)
(
xer2
xer3
− 1
) = xer1 − [xt1 , xr3 ]e
xer1 − xer3
.
Since xt1 - xr3 , [xt1 , xr3 ]e > xer3 . Then by the above claim we deduce that 0 < gr(t1) < 1. Hence we have ([Se](Se)−1)t1r 6∈ Z.
Subcase 1–2 is proved.
This completes the proof of Theorem 4.7 for Case 1.
Case 2. [xt1 , xt2 ] = xt and xt3 6∈ GS(xt1) ∩ GS(xt2). WLOG, we may let xt3 6∈ GS(xt1). Let xt4 = max{u ∈ S : xt3 | u | xt1 , xt3 <
u < xt1}. Then xt1 > xt4 > xt3 . Suppose that xt4 |xt2 . Then xt4 |(xt1 , xt2). Thus xt4 |xt3 . This contradicts to xt4 > xt3 . Hence we
have xt4 - xt2 . Thus the set {y ∈ Et : ∃ x ∈ GS(y) such that xt4 - x} is nonempty. Let xl be the largest element of this set. Then
xt4 |GS(y) for all y ∈ Dl and xt4 |xt |xl. Assume that |GS(xl)| = 1. Then xt < xl which implies that xt |GS(xl). Hence xt4 |GS(xl).
It contradicts to the choice of xl. Thus |GS(xl)| = 2. Let GS(xl) = {xl1 , xl2} and xl3 = (xl1 , xl2). WLOG, we may let xt4 |xl1 and
xt4 - xl2 . Hence xt1 - xl2 and xt - xl2 . We claim that xl1 > [xt4 , xl3 ]which will be proved in what follows.
If xl = xt , then the claim is clearly true. Now let xl > xt . Since xt |xl and xt - xl2 , xt |xl1 . Since xt ∈ S is the greatest element
which does not satisfy the condition C, Dt satisfies the condition C. Then using Remark (1) after Lemma 4.1 we obtain the
following commutative diagram which shows the divisibility relations among these elements.
xt3
~}}
}}
}}
}}

/ xt2

/ · · · / xl3

/ xl2

xt4 / xt1 / xt / · · · / xl1 / xl.
Suppose that xl1 = [xt4 , xl3 ]. Obviously xl1 = [xt , xl3 ] if xt = xl1 . Let now xt < xl1 . Since xt |xl1 and xt - xl3 , letting
x = xl1 , y = xl3 and z = xt in Lemma 4.1 gives that xl1 = [xt , xl3 ]. Thus xl1 = [[xt1 , xt2 ], xl3 ] = [xt1 , xt3 ] since xt = [xt1 , xt2 ].
Then by the assumption we have [xt1 , xl3 ] = [xt4 , xl3 ]. Namely, xt4 =
xt1 (xt4 ,xl3 )
(xt1 ,xl3 )
. By Remark (1) after Lemma 4.1, we have
(xt , xl3) = xt2 . Hence (xt1 , xl3) = (xt1 , xt , xl3) = (xt1 , xt2) = xt3 . On the other hand, we have xt3 |(xt4 , xl3)|(xt1 , xl3). Therefore
(xt4 , xl3) = (xt1 , xl3). From this we then derive that xt4 = xt1 . This is absurd. Hence we have xl1 > [xt4 , xl3 ] as asserted.
In the following we show that ([Se](Se)−1)t4 l 6∈ Z. First we have([Se](Se)−1)t4 l = cllαe,l ∑xm|xl cml[xt4 , xm]e +
∑
xl |xk
xl<xk
csk
αe,k
∑
xm|xk
cmk[xt4 , xm]e
= gl(t4)+ fl(t4),
where gl(t4) = ∑xm|xl cml[xt4 ,xm]eαe,l . Note that xt4 |GS(y) for all y ∈ Dl. By Lemma 4.6, we infer that fl(t4) ∈ Z. Therefore it is
sufficient to prove that 0 < gl(t4) < 1. Note that either xl satisfies the condition C or xl = xt(= [xt1 , xt2 ]). Then we have
[xl1 , xl2 ] = xl. That is, xl1 ·
xl2
xl3
= xl. Since xt4 |xl1 , by letting x = xl2 , y = xl1 , z = xt4 , w = xl and u = xl3 in Lemma 4.5 we get
[xt4 ,xl2 ]
[xt4 ,xl3 ]
= xl2xl3 . It then follows from Lemmas 2.2 and 2.3 that
gl(t4) = [xt4 , xl]
e − [xt4 , xl1 ]e − [xt4 , xl2 ]e + [xt4 , xl3 ]e
xel − xel1 − xel2 + xel3
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= x
e
l − xel1 − [xt4 , xl2 ]e + [xt4 , xl3 ]e
xel − xel1 − xel2 + xel3
=
(xel1 − [xt4 , xl3 ]e)
( [xt4 ,xl2 ]e
[xt4 ,xl3 ]e
− 1
)
(xel1 − xel3)
(
xel2
xel3
− 1
)
= x
e
l1
− [xt4 , xl3 ]e
xel1 − xel3
.
Note that xt4 - xl3 implies that [xt4 , xl3 ]e > xel3 . Then by the claim, we have xel1 − [xt4 , xl3 ]e > 0 which implies that 0 < gl(t4)
< 1. Hence ([Se](Se)−1)t4 l 6∈ Z. So Theorem 4.7 is proved for Case 2.
This completes the proof of Theorem 4.7. 
Evidently Theorem 4.7 gives an answer to Problem 1.1 for the case maxx∈S{|GS(x)|} = 2. Finally we give an example to
illustrate the validity of Theorem 4.7.
Example 4.8. . Let S1 = {1, 2, 3, 6c} with c > 1 an integer and S2 = {1, 2, 3, 9, 18}. Then Si is a gcd-closed set satisfying
that maxx∈Si{|GSi(x)|} = 2 and Si does not satisfy the condition C for i = 1, 2. By Theorem 4.7 we know that the power LCM
matrix [Sei ] is not divisible by the power GCD matrix (Sei ) in the ringMn(Z) (i = 1, 2). In fact, we have
[Se1](Se1)−1
=

0 0 0 1
6ece − 6e
6ece − 2e − 3e + 1
6e − 6ece
6ece − 2e − 3e + 1
2e(2e − 1)(3ec3 − 1)
6ece − 2e − 3e + 1
6ece − 6e
6ece − 2e − 3e + 1
6ece − 6e
6ece − 2e − 3e + 1
33(3e − 1)(2ece − 1)
6ece − 2e − 3e + 1
6e − 6ece
6ece − 2e − 3e + 1
6ece − 6e
6ece − 2e − 3e + 1
6ece 0 0 0
 6∈ M4(Z)
since c > 1 as well e ≥ 1 implying that 0 < 6ece−6e6ece−2e−3e+1 < 1, and
[Se2](Se2)−1 =

0 0 0 0 1
0 0 0 2e 0
3e
3e + 1
9e
3e + 1 −1
1
3e + 1
3e
3e + 1
0 9e 0 0 0
18e 0 0 0 0
 6∈ M5(Z)
since 0 < 13e+1 < 1.
On the other hand, Conjecture 3.3 of [24] states that for any gcd-closed set S, we have that (S)|[S] holds inMn(Z) if and
only if det(S)|det[S]. By using (1.1) and (1.2), Lemma 2.2 and some computations we get that if e = 1, then
det[S1]
det(S1)
= 18c(c + 1)
3c − 2 and
det[S2]
det(S2)
= −324.
So for c = 2 and 4, we have det(S1)|det[S1] and (S1) - [S1]. Also we have det(S2)|det[S2] and (S2) - [S2]. This disproves
Conjecture 3.3 of [24] when n = 4 and 5. Furthermore, using again (1.1) and (1.2), Lemma 2.2 and Theorem 4.7, we can
show that for the sets S3 = {1, a, . . . , an−4, 2an−4, 3an−4, 12an−4} and S4 = {1, a, . . . , an−4, 2an−4, 3an−4, 24an−4}, where
a > 1 is an integer, we have det(Si)|det[Si] and (Si) - [Si] (i = 3, 4). These give us the counterexamples to Conjecture 3.3
of [24] when |S| ≥ 4. Note that Conjecture 3.3 of [24] is true when |S| ≤ 3 by Theorem 3.1 (i) of [24].
Remark. (1) Let S be a gcd-closed set with maxx∈S{|GS(x)|} ≥ 3. The question of finding necessary and sufficient conditions
on S such that (Se)|[Se] holds inM|S|(Z) remains open.
(2). Let now e ≥ 2, n ≥ 5, and S5 = {1, a, . . . , an−5, 2an−5, 3an−5, 9an−5, 18an−5} with a > 1 an integer. Then S5 is gcd
closed and does not satisfy the condition C. By Theorem 4.7 we have (Se5) - [Se5]. On the other hand, by using (1.1) and (1.2),
Lemma 2.2 and some computations we get det(Se5)|det[Se5]. But we have not yet found a gcd-closed set S with |S| = 4 such
that det(Se)|det[Se] and (Se) - [Se] for any given integer e ≥ 2.
(3). The following question remains open: Determine necessary and sufficient conditions on the gcd-closed set S with
|S| ≥ 4 such that det(Se)|det[Se] and (Se) - [Se], where e ≥ 1 is an integer.
5. Applications
In this section, we give some interesting applications of Theorem 4.7.
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Theorem 5.1. Let S be a gcd-closed set such that each element of S greater than 1 is a prime power, or the product of two distinct
primes. Then the power LCM matrix [Se] is divisible by the power GCD matrix (Se) in the ring Mn(Z).
Proof. By [24] the result is true if |S| ≤ 3. Let’s now |S| ≥ 4 and take x ∈ S such that x > 1. Consider the following two
cases:
Case 1. x is a prime power. Then each divisor of x is also a power of the same prime. Therefore |GS(x)| = 1.
Case 2. x is the product of two distinct primes. Wemay let x = pq, where p and q are distinct primes. But the set of all proper
positive divisors of pq equals {1, p, q}. Hence GS(x) = {1}, or {p}, or {q}, or {p, q}. Thus we have |GS(x)| ≤ 2.
If maxx∈S{|GS(x)|} ≤ 1, then by Theorem 3.4 we have [Se](Se)−1 ∈ Mn(Z) as desired. If maxx∈S{|GS(x)|} = 2, then for any
y ∈ S with |GS(y)| = 2, we have y = pq for distinct primes p and q. So by the above discussion wemust have GS(y) = {p, q}.
Since S is gcd closed, 1 = (p, q) ∈ S. It then follows from the fact that p and q are distinct primes that 1 ∈ GS(p) ∩ GS(q).
That is, x satisfies the condition C. Thus the set S satisfies the condition C. We then get [Se](Se)−1 ∈ Mn(Z) by Theorem 4.7.
So Theorem 5.1 is proved. 
By Example 4.8 we know that there is a gcd-closed set S with max(S)=12 such that the power LCM matrix [Se] is not
divisible by the power GCD matrix (Se) in the ring M|S|(Z). However, if the greatest element is less than 12, then we have
the following divisibility theorem.
Theorem 5.2. Let S be a gcd-closed set such that each element of S is less than 12. Then the power LCM matrix [Se] is divisible
by the power GCD matrix (Se) in the ring Mn(Z).
Proof. Since each positive integer less than 12 is a prime power or the product of two distinct primes, Theorem 5.2 follows
immediately from Theorem 5.1. The proof of Theorem 5.2 is complete. 
From Theorem 5.2, we can derive immediately the following corollary.
Corollary 5.3 ([14]). Let S be a gcd-closed set such that each element of S is less than 12. Then we have det(Se)|det[Se].
If e = 1, then the above Corollary 5.3 becomes Hong’s result [27]. In 2005, He and Zhao [15] extended Hong’s result [27]
by showing that if S = {x1, . . . , xn} is a gcd-closed set such that each element of S is less than 18, then det(S)|det[S]. Further,
He [14] showed that for any integer e ≥ 2, det(Se)|det[Se] if S is a gcd-closed set such that all elements of S are less than 18
and 12 6∈ S.
Acknowledgements
The authors would like to thank the anonymous referee for valuable comments.
S. Hong is the corresponding author and was supported partially by Program for New Century Excellent Talents in
University Grant # NCET-06-0785
References
[1] E. Altinisik, B.E. Sagan, N. Tuglu, GCD matrices, posets, and nonintersecting paths, Linear Multilinear Algebra 53 (2005) 75–84.
[2] T.M. Apostol, Arithmetical properties of generalized Ramanujan Sums, Pacific J. Math. 41 (1972) 281–293.
[3] S. Beslin, S. Ligh, Another generalisation of Smith’s determinant, Bull. Austral. Math. Soc. 40 (1989) 413–415.
[4] G. Bhowmik, S. Hong, Divisibility properties among power GCD matrices and among power LCMmatrices, preprint.
[5] K. Bourque, S. Ligh, Matrices associated with classes of arithmetical functions, J. Number Theory 45 (1993) 367–376.
[6] K. Bourque, S. Ligh, Matrices associated with arithmetical functions, Linear Multilinear Algebra 34 (1993) 261–267.
[7] K. Bourque, S. Ligh, On GCD and LCMmatrices, Linear Algebra Appl. 174 (1992) 65–74.
[8] K. Bourque, S. Ligh, Matrices associated with classes of multiplicative functions, Linear Algebra Appl. 216 (1995) 267–275.
[9] W. Cao, On Hong’s conjecture for power LCMmatrices, Czechoslovak Math. J. 57 (2007) 253–268.
[10] P. Codecá, M. Nair, Calculating a determinant associated with multilplicative functions, Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. 8 (5) (2002)
545–555.
[11] L.E. Dickson, History of the Theory of Numbers, vol. I, AMS Chelsea Publ., 1999.
[12] P. Haukkanen, I. Korkee, Notes on the divisibility of LCM and GCD matrices, International J. Math. and Math. Science 6 (2005) 925–935.
[13] P. Haukkanen, J. Wang, J. Sillanpää, On Smith’s determiant, Linear Algebra Appl. 258 (1997) 251–269.
[14] C. He, Divisibility of determinant of power matrices on GCD-closed sets, Acta Math. Sinica (Series A) 49 (2006) 647–650. (in Chinese).
[15] C. He, J. Zhao, More on divisibility of determinants of LCM matrices on GCD-closed sets, Southeast Asian Bull. Math. 29 (2005) 887–893.
[16] T. Hilberdink, Determinants of multiplicative Toeplitz matrices, Acta Arith. 125 (2006) 265–284.
[17] S. Hong, Gcd-closed sets and determinants of matrices associated with arithmetical functions, Acta Arith. 101 (2002) 321–332.
[18] S. Hong, On the Bourque-Ligh conjecture of least common multiple matrices, J. Algebra 218 (1999) 216–228.
[19] S. Hong, Notes on power LCMmatrices, Acta Arith. 111 (2004) 165–177.
[20] S. Hong, Nonsingularity of matrices associated with classes of arithmetical functions, J. Algebra 281 (2004) 1–14.
[21] S. Hong, Nonsingularity of least common multiple matrices on gcd-closed sets, J. Number Theory 113 (2005) 1–9.
[22] S. Hong, Nonsingularity of matrices associated with classes of arithmetical functions on lcm-closed sets, Linear Algebra Appl. 416 (2006) 124–134.
[23] S. Hong, Asymptotic behavior of the largest eigenvalue of matrices associated with completely even functions (mod r), Asian-European J. Math. 1
(2008) 225–235.
[24] S. Hong, On the factorization of LCM matrices on gcd-closed sets, Linear Algebra Appl. 345 (2002) 225–233.
[25] S. Hong, Factorization of matrices associated with classes of arithmetical functions, Colloq. Math. 98 (2003) 113–123.
[26] S. Hong, Divisibility properties of power GCD matrices and power LCMmatrices, Linear Algebra Appl. 428 (2008) 1001–1008.
W. Feng et al. / Discrete Mathematics 309 (2009) 2627–2639 2639
[27] S. Hong, Divisibility of determinants of least common multiple matrices on gcd-closed sets, Southeast Asian Bull. Math. 27 (2003) 615–621.
[28] S. Hong, K.S. Enoch Lee, Asymptotic behavior of eigenvalues of reciprocal power LCMmatrices, Glasg. Math. J. 50 (2008) 163–174.
[29] S. Hong, R. Loewy, Asymptotic behavior of eigenvalues of greatest common divisor matrices, Glasg. Math. J. 46 (2004) 551–569.
[30] S. Hong, R. Loewy, Asymptotic behavior of the smallest eigenvalue of matrices associated with completely even functions (mod r), preprint.
[31] S. Hong, K.P. Shum, Q. Sun, On nonsingular power LCMmatrices, Algebra Colloq. 13 (2006) 689–704.
[32] S. Hong, Q. Sun, Determiants of matrices associated with incidence functions on posets, Czechoslovak Math. J. 54 (2004) 431–443.
[33] S. Hong, S. Wang, There does not exist an odd primitive singular number of the form plqr , Asian-European J. Math. 1 (2008) 77–83.
[34] S. Hong, J. Zhao, Y. Yin, Divisibility properties of Smith matrices, Acta Arith. 132 (2008) 161–175.
[35] I. Korkee, P. Haukkanen, On meet and join matrices associated with incidence function, Linear Algebra Appl. 372 (2003) 127–153.
[36] M. Li, Notes on Hong’s conjectures of real number power LCMmatrices, J. Algebra 315 (2007) 654–664.
[37] P. Lindqvist, K. Seip, Note on some greatest common divisor matrices, Acta Arith. 84 (1998) 149–154.
[38] P.J. McCarthy, A generalization of Smith’s determinant, Canad. Math. Bull. 29 (1986) 109–113.
[39] I. Niven, H. Zuckerman, An Introduction to the Theory of Numbers, 3rd edition, Wiley, New York, 1960.
[40] H.J.S. Smith, On the value of a certain arithmetical determinant, Proc. London Math. Soc. 7 (1875–1876) 208–212.
[41] A. Wintner, Diophantine approximations and Hilbert’s space, Amer. J. Math. 66 (1944) 564–578.
[42] J. Zhao, A characterization for the gcd-closed set S with |S| = 4 such that (Se) divides [Se], J. Sichuan Univ. Nat. Sci. Ed. 45 (2008) 475–477.
[43] J. Zhao, S. Hong, Q. Liao, K.P. Shum, On the divisibility of power LCMmatrices by power GCD matrices, Czechoslovak Math. J. 57 (2007) 115–125.
[44] W. Zhao, J. Zhao, A characterization for the gcd-closed set S with |S| = 5 such that (Se) divides [Se], Southeast Asian Bull. Math. (in press).
